The paper presents a technique which makes it possible to take into account contact interactions between surfaces based on the finite element method. The technique is based on iterative cycles, determining statuses of the contact elements and renewing the contact forces to satisfy the condition of zero penetration of all active contact elements. The proposed technique allows us also to take account of friction between the contacting elements. The paper considers an example of implementing contact interaction with regard to friction between bodies, and solves a model problem. 
Introduction
It is extremely important and necessary to consider contact interaction in the problems of industry, construction, and biomechanics. The complexity of mathematical formulation of a contact problem causes some difficulties for its implementation in numerical methods [4, 9, 12, 13, 14] . Modern computational power makes it possible to implement this task on the basis of the finite element method. There are various techniques that help us to take into account such interactions [4, 1, 2, 3, 10] . The problem of implementing contact interaction in discrete numerical models, and searching for the areas of contact and separation is still topical nowadays. The paper describes the implementation of a method for calculating contact interaction between surfaces when the contact area is found. This method allows us to take into account friction between the surfaces.
Finite Element Implementation

Resolving equations
be the radius vector of a material particle in an undeformed state,     . The tensor's components characterize stresses which arise on the borders of an elementary volume in a strain state [6] [7] [8] .
Since the medium is assumed to be isotropic, let us expand for convenience the strain rate tensor and the stress tensor to the volumetric parts
, where ij  is the Kronecker symbol.
Physical relations in elastic deformation can be written as a linear relationship between the rate of the Cauchy-Euler stress tensor and the strain rate tensor:
E is the Young's modulus, and  is the Poisson ratio. In a component-wise representation, these relations have the form
We obtain the resolving equation in the stress rate:
By using the physical relations and substituting them in the resolving equation, we obtain [5, 11] 
Further expansion depends on the choice of discretization, i.e. on the finite element shape function.
Contact interaction
To evaluate the stress-strain state, it is important to take into account the contact interaction between the implant and the bone. There are different approaches to the implementation of contact interaction [2, 3, 4] . Fig. 2 shows free faces of the elements of target (A) and initial (B) surfaces. During the deformation of the model under investigation, the point of the initial face (point D) moves relative to the target face. In the solution process, we draw the reference point (the tangential vectors , ee 12 and the normal n ) through the impact point D.
The normal intersects the target face at the point C. When performing the calculations, it is assumed that the impact point penetrates through the target face at the point C. The penetration value is calculated by the formula: For all contacting elements the above expressions have the following matrix form:
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The contact stiffness is obtained: To solve a linear contact interaction, we use an extended Lagrangian method. The condition of the linear contact (zero interpenetration) is satisfied by the adjustment of the contact forces t at each iteration of the linear contact algorithm according to the following expression:
, where t is the contact force, p is the current penetration at a point, and  is the penalty stiffness.
The solution of the linear contact algorithm consists of two iteration cycles. The first cycle determines the status of the contact elements. The second cycle is a cycle of renewing the contact forces to satisfy the condition of zero penetration for all active contact elements.
Model Problem
We solved the problem on contact interaction between a plate ( E =210 GPа,  =0.33) and a base ( E =70 GPа,  =0.33). The computational scheme is presented in Fig. 2 , where a=30 mm, b=50 mm, h=30 mm, L=500 mm, and the thickness of the two bodies is 30 mm. The load value is F=10 kN. In Fig. 2 , the faces with a registered displacement are marked with hatching. The maximum stress was observed at the ends of the rectangular plate: 14.49 MPа for the case when there was no friction (Fig. 3) ; 15 MPа for the case when the friction coefficient was u =0.15 (Fig. 4) ; 16.14 MPа for the friction coefficient u =0.3 (Fig. 5) . The concentrations of stress also occurred under the corners of the plate and on the lower surface, where the condition of fully fixed end was set. 
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Conclusions
In conclusion, it is worth mentioning that although the proposed method makes it possible to calculate (in a finite element formulation) contact interaction taking friction into account, when implementing this technique the search for active contact elements remains a serious problem, which slows down the solution time and complicates the task. The technique is useful when the initial contact surfaces of the bodies are known and when these surfaces change insignificantly during the interaction.
